[1] This paper presents an investigation into non-Boussinesq particle-driven gravity currents such as powder snow avalanches and pyroclastic flows. For a finite-volume current to maintain its non-Boussinesq character (i.e., a substantial density difference with its surroundings) and therefore high velocities, it must counterbalance the entrainment of surrounding fluid by entraining particles from the bed. A number of theoretical models have assumed that the volume growth rate of such currents is controlled by the local slope and the density ratio between the current and the ambient fluid. An alternative assumption, according to which the volume growth rate is controlled solely by the overall Richardson number, is examined here. Both assumptions were used successively in the same theoretical model, primarily developed by A. G. Kulikovskiy and E. I. Sveshnikova, then by P. Beghin. The model predictions were compared to laboratory experiments (release of a finite volume down an inclined channel, with particle entrainment from the bed) and field data (a well-documented large powder snow avalanche in Switzerland). In both cases, the assumption of a slope-dependent volume growth rate received little support, whereas assuming that the entrainment coefficient is controlled by the Richardson number makes it possible to describe the velocity and volume variations fairly well, except for highly concentrated particle-driven currents in the laboratory.
Introduction
[2] Particle-driven gravity currents are frequently encountered in nature [Simpson, 1997] . Typical examples include powder snow avalanches, pyroclastic flows down volcano slopes, and turbidity currents in the ocean. These currents take the form of a cloud or a stream of solid particles maintained in suspension by turbulence in the carrier fluid. Motion is produced by the density contrast between the suspension and the surrounding fluid. Since the surrounding fluid is entrained into the current, the solid concentration decreases inside the current, leading, in turn, to a decrease in the buoyancy force unless the current is supplied by a sufficiently strong input of particles. When the density difference between the current and the surrounding fluid is sufficiently small, the Boussinesq approximation, which neglects density differences except in buoyancy terms, is often used to simplify the equations of motion and the analysis of the behavior. Basically, this approximation does not hold for solid particles in the air as soon as the solid concentration exceeds a few percent; the flow is then said to be in a non-Boussinesq regime.
[3] The objective of this paper is to investigate the behavior of a particle cloud in a non-Boussinesq regime along an inclined surface. For this purpose a simplified theoretical model, hereinafter referred to as the KulikovskiySveshnikova-Beghin (KSB) model, will be introduced. In addition to the driving force (buoyancy), this model takes into account two competing processes: bed erosion and entrainment of the surrounding fluid into the cloud. Indeed, for the cloud to maintain its non-Boussinesq character an entrainment of particles from the bed is needed to offset cloud diffusion from fluid entrainment at the current interface. Different assumptions can be made concerning the entrainment rate. This paper will provide evidence that expressing the entrainment rate as a function of the Richardson number yields consistent results.
[4] The paper begins by reviewing the literature devoted to modeling particle clouds, which is very closely related to modeling powder snow avalanches. Then, the equations of motion used in the KSB model will be presented. A key problem is the definition of the volume growth rate. The first of two assumptions to be used here, suggested by Kulikovskiy and Sveshnikova [1977] and consistent with similarity solutions obtained for plumes, is to express the cloud growth rate as a function of the square root of the density ratio between the cloud and the ambient fluid. Beghin [1979] supplemented this assumption by introducing a dependence on the bed slope. This second assumption, consistent with the interpretation proposed by Ellison and Turner [1959] for inclined plumes, states that the growth rate is controlled solely by the overall Richardson number. Both assumptions will be tested against (unpublished) experimental data obtained by Beghin [1979] in the laboratory with an inclined closed channel. Finally, the KSB model predictions will be compared to field data recorded by the Swiss Federal Institute of Snow and Avalanche Research in La Sionne valley .
Previous Research
[5] Except for the recent developments on non-Boussinesq plumes [Rooney and Linden, 1996; Woods, 1997] , the study of non-Boussinesq currents has long been tightly linked to the modeling of powder snow avalanches. Here, the term powder snow avalanche refers to an avalanche flowing in the form of a cloud of ice particles maintained in suspension by turbulence [McClung and Schaerer, 1993; Ancey, 2001] . Typically, flow depth, mean velocity, and mean density are of order 10 -100 m, 40-100 m s
À1
, and 1-25 kg m
À3
, respectively. A great deal of research has been done to develop theoretical and numerical models of this flow (for an overview, see Hutter [1996] ).
[6] The first-generation models used the analogy of density currents along inclined surfaces. Extending Ellison and Turner's [1959] model on the motion of an inclined plume, Hopfinger and Tochon-Danguy [1977] modeled the mean velocity of a steady current, assumed to represent the avalanche body behind the head. They found that the front velocity of the current was only weakly dependent on the bed slope. Their results were supplemented by Britter and Linden [1980] , who showed that bed slope has a significant effect on the entrainment of the surrounding fluid into the current and, thus, the current shape. For gentle slopes the current took the form of a head slightly deeper than the following tail, while for mild and steep slopes it looked like a semielliptic cloud. Their results can be explained as follows: Since the bottom drag is not sufficient to counterbalance the driving gravity force, the only way for a current to reach a steady state is to entrain the surrounding fluid and reduce the buoyant density. Further important theoretical contributions to modeling steady density currents were provided by Parker et al. [1986] , Stacey and Bowen [1988] , Baines [2001] , and others. Notably, Parker et al. [1986] developed complete depth-averaged equations of motion including mass, momentum, and turbulent kinetic energy balance equations. It is, however, unclear how these results obtained for fairly steady density currents can be applied to real powder snow avalanches since the latter are closer to finite-length, unsteady currents than to constant supply flows.
[7] The second generation of models has considered the avalanche as a finite-volume turbulent flow of a snow suspension. Kulikovskiy and Sveshnikova [1977] presented a theoretical model (the KS model), in which the cloud was defined as a semielliptic body, whose volume varied with time [see also Eglit and Revol, 1998; Bozhinskiy and Losev, 1998 ]. The kinematics are entirely described by the mass center position and two geometric parameters of the cloud (the two semiaxes of the ellipse). The cloud density can vary depending on air and snow entrainment. Kulikovskiy and Sveshnikova [1977] obtained a set of four equations describing the mass, volume, momentum, and Lagrangian kinetic energy balances. The idea was subsequently redeveloped by Beghin [1979] , Beghin et al. [1981] , Beghin and Brugnot [1983] , Fukushima and Parker [1990] , Beghin and Olagne [1991] , Akiyama and Ura [1999] , Fukushima et al. [2000] , etc. In its primary formulation, Beghin's model focused on two-dimensional Boussinesq clouds and ignored particle entrainment, sedimentation, and basal friction. The chief difference between the KS model and Beghin's model is that Kulikovskiy and Sveshnikova included a fourth equation (a Lagrangian kinetic balance equation), whereas energy aspects were ignored in Beghin's treatment. Extensions to Beghin's model were then added to account for the influence of bottom drag, three-dimensional spreading, etc. When compared to field data, this model has been found to provide a correct estimate of the front velocity, but the predicted cloud dimensions are in poor agreement with the data [Nishimura et al., 1995; Ancey, 2004] .
[8] The basic assumption underlying each model class (finite-volume/constant supply flow of a homogeneous turbulent suspension) is a rather stringent condition that is poorly supported by field observations. A new generation of powder snow avalanche models has recently appeared [Hutter, 1996] . Some rely on the numerical resolution of local equations of motion, including a two-phase mixture approximation and closure equations (usually a k -e model for turbulence) [Scheiwiller et al., 1987; Sampl, 1993; Naaim and Gurer, 1997] . Other researchers have tried to establish a relation between a dense core and an airborne avalanche based on the premise that the core must supply snow to the airborne avalanche [Eglit, 1983 [Eglit, , 1984 [Eglit, , 1998 Nazarov, 1991; Issler, 1998 ]. Though these recent developments are undoubtedly a promising approach to modeling powder snow avalanches, their level of sophistication contrasts with the crudeness of their basic assumptions as regards the momentum exchanges between phases and turbulence modification due to the dispersed phase, interactions with snow cover, density stratification, and changes in the snow features (snowball size, water content). At this level of our knowledge of physical and natural processes it is of great interest to continue to use simple models and to fully explore what they can describe and explain.
[9] This paper presents a simple model, directly inspired from Beghin's model and the KS model: We will refer to it as the Kulikovskiy-Sveshnikova-Beghin (KSB) model. Here, we take advantage of the growing knowledge of density and turbidity currents and of entrainment mechanisms as well as the information gathered from the catastrophic winters of 1981 and 1999 in the Alps [Ammann, 2000] . Compared to the KS model, this extended model better accounts for the influence of particle current mixing with the ambient fluid. In addition, the KSB model applies equally to Boussinesq and non-Boussinesq flows. The KSB model aims at describing the motion of powder snow avalanches in their flow phase, but it is not intended to describe the run-out phase, for which additional processes (turbulence, particle sedimentation, bottom drag, etc.) must be taken into account. The KSB model should also apply to other density surges such as pyroclastic currents and turbidity currents in the ocean.
KSB Model
[10] In the following we will consider the two-dimensional motion of a cloud along a curvilinear profile. The profile can be described by a smooth and gently varying curve in the form z = f (y), where z is the elevation and y is an arbitrary distance measured along a horizontal axis. The mass center of the cloud has the curvilinear abscissa x given by x = R /f 00 (y)) is large relative to the typical length of the cloud L, then everything happens locally, as if the path were an infinite plane inclined at an angle tanq(y) = f 0 (y) with respect to the horizontal.
[11] Figure 1 depicts a typical cloud entraining particles from the bed. In the following, H denotes the cloud height, L length, m mass, and V volume. The cloud velocity is U = d x/dt but, since the body is deformable, the velocity varies inside the body. The front position is given by the abscissa x f and its velocity is U f = dx f /dt. The volume solid concentration is j, and it is assumed that the cloud is a homogeneous suspension of particles of density r p (no density stratification) in the ambient fluid of density r a and viscosity m a . The bulk cloud density is then " r = j r p + (1 À j)r a . Ahead of the front, there is a particle bed of thickness h n , which is made up of the same particles as the cloud. The apparent density of the layer is r s = j m r p + (1 À j m )r a , where j m denotes the maximum random volume concentration of particles.
[12] The surface area (per unit width) exposed to the surrounding fluid is denoted S and can be related to H and L as follows: S = k s ffiffiffiffiffiffi ffi HL p , where k s is a shape factor. Here we assume that the cloud keeps a semielliptic form, whose aspect ratio k = H/L remains constant when the slope is constant. We then obtain
where E denotes the elliptic integral function. Similarly, we can also express the volume V (per unit width) as V = k v HL, where k v is another shape factor for a half ellipsis. Here we have
In the following we will also need to use the volume, height, and length growth rates:
Experimentally, it is easier to measure the growth rates using the cloud front, rather than its center of mass; we will refer to these rates as
Note that all these quantities are interrelated. For instance, Figure 1 . Sketch of the physical system studied here.
ã l /2). Similarly, using the definition of k and k v , we obtain
The KSB model includes three equations: volume, mass, and momentum balances. Compared to the highly developed model proposed by Fukushima and Parker [1990] , we do not take into account the turbulent kinetic energy equation. On the one hand, in their numerical simulation, Fukushima and Parker [1990] found that this equation plays a role mostly in the run-out phase. On the other hand, an equation of this type involves a number of additional parameters that are difficult to determine, and thus in the present framework, where the simplest model is sought, it is interesting to test whether it is possible to obtain good predictions without using this equation.
Volume Equation
[13] Changes in cloud volume result primarily from the entrainment of the ambient, less dense fluid. Various mixing processes are responsible for the entrainment of the ambient fluid into the cloud. It has been shown for jets, plumes, and currents that (1) different shear instabilities (Kelvin-Helmoltz, Hölmböe, etc.) can occur at the interface between dense and less dense fluids and that (2) the rate of growth of these instabilities is controlled by a Richardson number [Turner, 1986; Fernando, 1991; Strang and Fernando, 2001 ], defined here:
where g 0 denotes the reduced gravity g 0 = gÁ" r/r a and Á" r = " r À r a is the buoyant density.
[14] Note that the Richardson number is the inverse square of the Froude number used in hydraulics. The Richardson number can be seen as the ratio of the potential energy (gÁ" rHcosq) to the kinetic energy (r a U 2 ) of a parcel of fluid at the current interface. Usually a smaller Ri implies predominance of inertia effects over the restoring action of gravity and thus greater instability and a higher entrainment rate; it is then expected that the entrainment rate is a decreasing function of the Richardson number. Mixing is observed to occur in gravity currents due to the formation of Kelvin-Helmoltz (K-H) billows at the front, which grow in size, are advected upward, and finally collapse behind the head; the lobe-and-cleft instability is also an efficient mechanism of entrainment [Simpson, 1972 [Simpson, , 1997 .
[15] Although the details of the mixing mechanisms are very complex, a striking result of recent research is that their overall effects can be described quite simply [Turner, 1973 [Turner, , 1986 Fernando, 1991] . In terms of the cloud volume balance, the commonest assumption is to state that the volume variations come from the entrainment of the ambient fluid into the cloud and that the inflow rate is proportional to the exposed surface area and a characteristic velocity u e . This leads to the equation
where E v is the bulk entrainment coefficient. According to the flow conditions, different expressions of E v have been drawn from experiments. Interestingly, the value of E v has been expressed very differently, depending on whether the current is steady or unsteady. In the following we examine these expressions in the case of steady currents (section 3.1.1) and unsteady currents or clouds (section 3.1.2). There is, however, no clear physical reason justifying this partitioning. Indeed, for most experiments the currents were gradually accelerating, and mixing still occurred as a result of the development of K-H billows [Pawlack and Armi, 1998 ], as in the steady case. This prompts us to propose a new expression of the entrainment coefficient for clouds (section 3.1.3), which holds for both steady and slightly unsteady conditions.
Entrainment Assumption for Steady Jets and Currents
[16] For jets and plumes the similarity solutions to the equations of motion lead to selecting u e = U (U is the depthaveraged velocity) for Boussinesq flows [Turner, 1973] and u e = ffiffiffiffiffiffiffiffi ffi " r=r a p U for non-Boussinesq flows [Rooney and Linden, 1996] , in agreement with experimental data. In both cases, E v is a constant close to 0.13 [Linden, 2000] .
[17] The behavior of inclined plumes is not as well understood and somewhat controversial [Turner, 1986] . For constant supply inclined plumes, it has been found that E v is not a constant but depends on the dimensionless numbers involved in the problem, including the overall Richardson number, the bed slope q, and, to a lesser extent, the flow Reynolds number. Experimental investigations have shown that the Ri dependence of the E v can be expressed as
where a(q) and n are parameters. For steady inclined plumes, Turner [1986] provided the relationship E v = (0.08-0.1Ri)/(1 + 5Ri), implying E v = 0 for Ri > 0.8, whereas Baines [2001] found for q = 0 and for 0.1 < Ri < 10 that a = 0.001 and n = 1. Surprisingly, the more detailed investigation on sheared density interface conducted by Strang and Fernando [2001] gave very different values (a factor of 10 higher): E v ! 0.024 for Ri ! 0, a = 0.22 ± 0.11 and n = 2.63 ± 0.45 for 1.5 < Ri < 5 (K-H instabilities are the prevailing mixing agent), and a = 0.02 ± 0.01 and n = 1.3±0.15 for 5 < Ri.
[18] As advocated by Ellison and Turner [1959] , for a steady current down a plane inclined at an angle q, there must be a Richardson number, called the normal Richardson number (in analogy with the normal depth reached by a gradually varied flow of water in an open-channel flow), toward which the overall Richardson number adjusts. If the flow decelerates (lower U value), the Richardson number increases, leading to a decrease in the inflow rate and the conservation of the buoyant density; gravity then accelerates the flow. On the other hand, if the flow accelerates, the Richardson number drops, allowing the current to entrain more ambient fluid and dilute. Furthermore, Ellison and Turner [1959] showed that the normal Richardson number Ri n is a function of the bed slope q. It follows that for fully developed currents the entrainment coefficient E v (q, Ri) comes close to E v (q, Ri n ) and becomes only a function of the slope E v (q), which implies that it is experimentally difficult to discriminate the dependence of E v on q and Ri.
Entrainment Assumption for Unsteady Currents and Clouds
[19] For unsteady currents and clouds with a constant volume of particles (thermals), a number of experiments have been done to measure the entrainment coefficient. For the head preceding a steady inclined current, Britter and Linden [1980] expressed the growth rates of the cloud height and length as a function only of the bed slope, implying that the coefficient of entrainment E v also depends on the slope. For a cloud with a constant volume of particles, Beghin [1979] also found a linear growth rate controlled by the slopeã h = dH/dx f = 0.0036q + 0.04 (q expressed in degrees) andã l = dL/dx f = 0.0044q + 0.26 for Boussinesq clouds, giving a volume growth rate
, a function of the slope that we will denote a(q) in the following.
[20] For non-Boussinesq clouds, Beghin observed a departure from linear growth, which he ascribed to the large density difference between the cloud and the surrounding fluid. Following Kulikovskiy and Sveshnikova [1977] , he suggested that for a non-Boussinesq cloud the height increase should be affected by a coefficient
[21] Note that this form is consistent with an entrainment velocity in the form u e = ffiffiffiffiffiffiffiffi ffi " r=r a p U (this can be shown by considering the mass equation d (" rV)/dt = r a dV/ dt = r a E v Su e ). Although the few experimental results performed by Beghin were qualitatively consistent with this formulation of the entrainment rate, there is no clear evidence from a quantitative viewpoint that Beghin's statement is correct.
A New Entrainment Assumption for Clouds
[22] A very different interpretation of Beghin's data can be proposed. As shown experimentally and supported theoretically [Beghin, 1979; Beghin et al., 1981] , the overall Richardson number of a Boussinesq cloud quickly tends toward a slope-dependent value since U / 1/ ffiffi ffi x p , H / x, and Á" r / 1/x 2 . The situation is close to that occurring for steady inclined plumes, in that Ri ! Ri n (q) = (3/2)a h (1 + c)tan À1 q. This makes it possible to relate the cloud growth rate E v (or a v ) to the overall Richardson number.
[23] Figure 2 shows howã h and a v vary with Ri for a Boussinesq cloud (data from Beghin et al. [1981] ). It can be seen that, as expected,ã h is a decreasing function of the Richardson number. A rational expression structurally close to that proposed by Turner [197] ] has been fitted:
It is then possible to relate E v (or a v ) as a function of Ri instead of q. Obviously, there is little difference between the two formulations in the case of Boussinesq clouds, but for non-Boussinesq clouds, they lead to very different behaviors immediately following avalanche release: Insofar as the density difference " r is great and the cloud velocity is close to zero, the Richardson number is very large: Ri ) 1. If the entrainment rate is given by E v (Ri)U, this means that the surrounding fluid entrainment is very low, whereas if the entrainment rate is a(q) ffiffiffiffiffiffiffiffi ffi " r=r a p U, there is a substantial increase in cloud volume. Since there is no clear experimental evidence supporting one or the other formulation, we will test both in the next section.
Summary
[24] From this discussion of the entrainment assumption we retain the following equation for the volume variations:
where (1) if the bulk entrainment coefficient E v is assumed to be a function of the overall Richardson number, then
Mass Balance Equation
[25] The cloud mass can vary as a result of the entrainment of the surrounding fluid and/or the entrainment of particles from the bed. The former process is easily accounted for: During a short time increment dt, the cloud volume V is increased by a quantity dV mainly as a result of the air entrainment; thus the corresponding increase in the cloud mass is r a dV. The latter process is less well known. In close analogy with sediment erosion in rivers and turbidity currents, Fukushima and Parker [1990] assumed that particles are continuously entrained from the bed when the drag force exerted by the cloud on the bed exceeds a critical value. This implies that the particle entrainment rate depends on the surface of the bed in contact with the cloud and that the drag force is in excess of the threshold of motion. However, the recent experiments by Capart and Young [1998] Beghin et al. [1981] ; the Richardson number was evaluated by using the relationship Ri n (q) = (3/2)a h (1 + c)tan À1 q, where a h is the value given in Table 1 [26] In extreme conditions the upper layers of the snow cover are composed of new snow of weak cohesion and can be easily entrained. Thus it is reasonable to think that all the recent layer ahead of the cloud is incorporated into the cloud: When the front has traveled a distance U f dt, where U f is the front velocity, the top layer of depth h n and density r s is entirely entrained into the cloud (see Figure 1) . The resulting mass variation (per unit width) is r s U f h n dt. At the same time, particles settle with a velocity v s . During the time step dt, all the particles contained in the volume Lv s dt deposit. Finally, by taking the limit dt ! 0, we can express the mass balance equation as follows:
where m = " rV is the cloud mass. Usually, the settling velocity v s is very small compared to the mean forward velocity of the front such that it is possible to ignore the third term in the right-hand side of the equation above. We then obtain the following simplified equation:
Momentum Balance Equation
[27] The cloud undergoes the driving action of gravity and the resisting forces due to the ambient fluid and the bottom drag. The driving force per unit volume is " rg sin q. Usually, the bottom frictional force is written in a Chézy form: C D " rU 2 L, where C D (Re) is the Chézy friction factor, dependent on the overall Reynolds number. Bottom drag typically plays a minor role in the accelerating and steady flow phases but becomes significant in the decelerating phase [Hogg and Woods, 2001 ]. Since we have set aside a number of additional effects (particle sedimentation, turbulent kinetic energy), it seems reasonable to also discard this frictional force. The action of the ambient fluid can be broken into two terms: a term analogous to a static pressure (Archimedes's theorem), equal to r a Vg, and a dynamic pressure. As a first approximation, the latter term can be evaluated by considering the ambient fluid as an inviscid fluid in an irrotational flow. On the basis of this approximation, it can be shown that the force exerted by the surrounding fluid on the half cylinder is r a VcdU/dt, where
is called the added mass coefficient [Batchelor, 1967] . Since at the same time volume V varies and the relative motion of the half cylinder is parallel to its axis of symmetry, we finally take r a cd (UV)/dt [Lhuillier, 1982] . Note that this parameter could be ignored for light interstitial fluids (e.g., air), whereas it has a significant influence for heavy interstitial fluids (basically, water). Thus the momentum balance equation can be written as
Asymptotic and Approximate Solutions
[28] We consider the motion of a cloud along a plane inclined at an angle q to the horizontal. Analytical solutions can be found for equations (10), (11), and (13) in the case of a Boussinesq flow (" r/r a ! 1) (see Appendix A); for the other cases, numerical methods must be used. In the Boussinesq limit, since the final analytical solution is complicated (see Appendix A), we only provide an asymptotic expression at early and late times. To simplify the analytical expressions, without loss of generality, we take U 0 = 0 and x 0 = 0, and we assume that the erodible snow cover thickness h n and density r s are constant. The other initial conditions are at t = 0 and
, and " r = " r 0 . At short times the velocity is independent of the entrainment parameters and the initial conditions (" r 0 and V 0 ):
where we used r a ( Á" r 0 . This implies that the cloud accelerates vigorously in the first instants (dU/dx ! 1 at x = 0), then its velocity grows more slowly. At long times for an infinite plane the velocity reaches a constant asymptotic velocity that depends mainly on the entrainment conditions for flows in the air:
Because of the slow growth of the velocity, this asymptotic velocity is reached only at very long times. Without particle entrainment, the velocity reaches a maximum at approximately x m 2 = (2r 0 /3r a )a v À2 V 0 /(1 + c):
then it decreases asymptotically as
In this case the front position varies with time as
These simple calculations show the substantial influence of the particle entrainment on cloud dynamics. In the absence of particle entrainment from the bed the fluid entrainment has a key role since it directly affects the value of the maximum velocity that a cloud can reach.
Laboratory Experiments

Experimental Device, Procedure, and Qualitative Observations
[29] To supplement data obtained by Beghin [1979] and Beghin et al. [1981] for two-dimensional Boussinesq clouds without particle entrainment, Beghin ran more tests to study the influence of non-Boussinesq effects and particle entrainment. Forty-three tests were done, but a number of these were intended only to estimate variance in the data; all nonredundant data obtained by Beghin are reproduced here. We have recently made additional runs to test the sensitivity of the results to the boundary conditions (supply system and bottom roughness) [Ancey, 2004] .
[30] The experiments were conducted using an inclined plane 2 m in length and 0.17 m in width, immersed in a closed water tank (220Â110Â80 cm 3 ). A box with a sluice gate was located at the upper part of the plane, as shown in Figure 3 . It was filled with particle suspensions. The suspension volume was in the range of 1 -12 L, but most runs were done with a fixed volume of 1 L; in this case the initial length l 0 was 12 cm and the initial flow depth h 0 was 5 cm, leading to an initial volume per unit width of 60 cm 2 . Over the plane an oscillating grid (square grid 1Â1 cm 2 , 2 mm in thickness) was used to create a loose erodible bed whose particles could be entrained into the cloud. The oscillation amplitude was low (0.5 cm). Other systems (fixed grids, bentonite layer, etc.) were also tested, but none turned out to be more efficient. Without this grid, we observed that the mobile bed either was very difficult to set in motion or spontaneously slid before the cloud was released because the angle of repose of these materials fell within the range of plane inclinations (typically 30°-45°). In the absence of oscillations we observed that the material rapidly settled and was very difficult to entrain because it behaved like a cohesive-like material. Two inclinations were studied, q = 30°and q = 42°.
[31] A compromise was necessary between how easily the sediment could be entrained into the cloud and the ability of the sediment to resist sliding down the inclined plane. This problem of selecting a suitable material was complicated by the constraints imposed by similarity conditions. For the sediment to be entrained and maintained in suspension we had to use light materials whose settling velocity was low compared to the characteristic velocity of large eddies. This can be achieved by using materials (1) whose density r p does not differ substantially from the density r a of the surrounding fluid or (2) whose diameter is very low. In preliminary tests made with air as the surrounding fluid we used kaolin particles. We observed a particle cloud of very high velocity followed by a rapid collapse of the cloud. The kaolin particles tended to quickly aggregate due to electrostatic effects and settled. This led us to use water as the interstitial fluid, though it made it impossible to study strongly nonBoussinesq suspensions. We used sawdust (mean typical diameter d = 300 or 500 mm, r p = 1170 kg m À3 ) as particles. Although these materials had very low settling velocities (in the range 6-8 mm s À1 ), they also presented the disadvantage of acquiring a cohesive-like behavior when wet. With the same material, we prepared the suspension filling the box (r 0 in the range 1004 -1100 kg m
À3
) and the erodible bed layer (thickness in the range 0.5 -2 cm and r s % 1085 kg m
). Note that high concentrations of sawdust (j % 0.6) must be used to obtain the heavier suspensions.
[32] Flows were filmed from the side by a camera. Images allowed us to determine the cloud dimensions and the front velocity. The height and length were estimated by adjusting a half ellipsis to the cloud. This method for measuring the cloud length seems more accurate than directly measuring the length on the pictures because the cloud was followed by a shallow tail.
[33] We observed that the particle cloud was composed of two evident eddies (see Figure 3) in agreement with Simpson's [1972] observations. When the cloud moved from left to right, we observed a small vortex ahead of the front, spinning clockwise, and a large counterclockwise eddy occupying most of the cloud volume. The large eddy had a double role: It entrained not only the surrounding fluid but also the particles from the bed. Indeed, when the cloud moved over the erodible bed, particles were set in motion and formed a dense layer, whose velocity was lower than the cloud velocity. The large eddy accelerated a part of this dense layer lagging behind the cloud. In this way, particles were entrained from behind. Since experiments were done in a closed channel, as soon as the sluice gate was raised and the suspension started collapsing, a countercurrent began to flow in the opposite direction (see Figure 3) . As for other lock exchange experiments [e.g., see Simpson, 1997] , this return flow had the disturbing effect of decreasing the velocity of the cloud front by a factor 1.2-1.5, depending on the ratio of the cloud height to the channel depth. To fix this problem, we carried out more experiments in a large water tank (volume of 20 m 3 with a free surface), but we had to locate a deflector just ahead of the sluice gate to concentrate the starting flow; in the absence of this deflector on steep slopes an ill-formed cloud developed. Even with this modified experimental setup, countercurrents were observed and tended to decrease the cloud velocity.
Experimental Results and Comparison With the KSB Model Results
[34] Equations (10), (11), and (13) were solved numerically using the built-in function NDSolve included in Beghin et al. [1981] ; we simply checked that the simulations were not strongly dependent on the choice of the initial conditions (notably u 0 ). For the entrainment coefficient in equation (10) we examined both possibilities presented above.
[35] 1. For simulations I, the coefficients a v , a h , and a l are assumed to depend on the overall Richardson number (equation (6)). They were fitted using the data from Beghin et al. [1981] :ã l = (3.75 À Ri)/(5.5 + 3.03Ri), a v = (1.56 À Ri)/(1.16 + 1.01 Ri), a h = (1.53 À Ri)/(4.1 + 2.96 Ri)/(1 À a l /2), and a l =ã l /(1 Àã l /2).
[36] 2. For simulations II, the coefficients a v , a h , and a l are assumed to depend on the bed slope q and the density ratio " r/r a . In the Boussinesq case they were obtained by Beghin et al. [1981] by fitting their data:ã l = (0.0044q + 0.26), a v = 2 ffiffiffiffiffiffiffiffiffi k v =k p a h , a h = (0.0036q + 0.04)/(1 Àã l /2), and a l =ã l /(1 Àã l /2). In the non-Boussinesq regime the coefficients above must be corrected by a multiplicative factor ffiffiffiffiffiffiffiffi ffi " r=r a p .
[37] For the aspect ratio k, data obtained by Beghin et al. [1981] were used to deduce a relationship between k and q: k(q) = 0.158(1 + 0.59q) 0.3 (q in degrees). The front velocity was obtained by multiplying the velocity of the mass center U by 1 + a l /2.
[38] Figure 4 provides an example of a non-Boussinesq cloud (Ár 0 /r a = 0.1) without particle entrainment on a 42°b ed slope. The dots represent the measured velocities of the cloud front, the solid line corresponds to the computed velocities given by simulations I (Richardson-dependent growth rates), and the dashed line represents the result given by simulations II (slope-dependent growth rates). The two simulation curves are reasonably close (relative difference less than 25%) and show a decrease in the front velocity. If the predicted velocity magnitude is consistent with the data, there is no real decrease in the front velocity in our experiments.
[39] Figure 5 shows the velocity variation for a Boussinesq cloud (Ár 0 /r a = 0.004) with a low particle entrainment rate (h n = 1 mm). As expected, the simulations show a slight increase in the front velocity, in agreement with the measurements. However, the simulations overestimate the velocity since the relative difference between the computed and the measured velocities reaches 33% for simulations II versus 80% for simulations I. Consistent with numerical simulations, a linear variation was observed in the cloud height with downstream distance (not reported here). Experimentally, we found thatã h = 0.16, while simulations I providedã h = 0.15 versus 0.23 for simulations II.
[40] Figure 6 shows the velocity variation for a Boussinesq cloud in a limiting Boussinesq regime (Ár 0 /r a = 0.05) with a fairly large particle entrainment rate (h n = 1 cm). A slight increase was observed experimentally in the front velocity with a maximum velocity of 14.5 cm s
À1
, much lower than the values provided by simulations I (1.15 m s
) and simulations II (70 cm s À1 ). In contrast, simulations I successfully provided the variations in cloud height and length. Simulations II overestimate the length and height growth rate by a factor of 2 -3.
[41] Figure 7 shows the variation in the cloud velocity for a non-Boussinesq regime (Ár 0 /r a = 0.1) with particle entrainment. Both simulations predict an increase in the front velocity with the downstream distance in agreement with the measurements but grossly overestimate the velocity values by a factor of 4 for simulations I and by a factor of 2 for simulations II. Simulations I provide a fairly linear variation in cloud height with distance; nonlinear variations can be observed only in the first instants after the release. Cloud height is slightly overestimated by simulations I, by approximately 15%, but the computed growth rate, a h = 0.15, is consistent with the measurements. As regards cloud length, simulations I provide values in agreement with experimental data, but the experimental growth rate a l seems somewhat larger than the computed growth rate. For both cloud height and length, simulations II provide values that are higher, by a factor of 2 -3, than experimental data. Note that the data are too noisy to detect a nonlinear behavior of the curve H(x).
[42] On the whole, for the different experimental conditions tested, simulations I provided good predictions of cloud height and length but significantly overestimated the front velocity. Although the relative difference between simulated and measured velocities is lower than for simulations I, simulations II yielded values in poor agreement with experimental data when flow conditions differed from the Boussinesq regime without particle entrainment. This substantial difference between measured and computed velocities in the non-Boussinesq case is surprising. Other tests made by replacing the sawdust suspension with a brine solution of the same density revealed that the velocity of a particle-driven gravity current was much lower than for a density current [Laval et al., 1988] . Hallworth and Huppert [1998] also observed significant differences in the behavior of concentrated and dilute particle-driven gravity currents along a horizontal channel that they ascribed to an abrupt collapse of the dispersed phase: Beyond a critical initial volume concentration of particles the current came to a sudden halt, while a much thinner layer of sediment continued to extend for some distance beyond the arrest point. In the present case the large bed slope probably precluded the current from abruptly coming to rest, but the abrupt transition observed by Hallworth and Huppert [1998] could occur and affect the cloud velocity to a large extent.
[43] As a conclusion, from the viewpoint of laboratory experiments, neither model turns out to be completely supported by experimental data. The assumption that the growth rate a v depends on the bed slope q and the density ratio " r/r a receives no support in the experiments presented here. The dependence of a v on the Richardson number Ri appears more credible, except that such an assumption leads to overestimating the cloud velocity for concentrated particle-driven gravity currents. Good results were, however, obtained for concentrated density currents.
Field Applications
[44] There are very few powder snow avalanche events that have been documented accurately and thoroughly. This makes it very difficult to test the efficacy of the KSB model. Here we compare the KSB model with a data series from the La Sionne site (Rhone Valley, Switzerland). The path extends on the southeast facing slope of Crêta Besse between $2550 (2400 -2700 m) and 1450 m in elevation, and its length exceeds 2.2 km. The bottom point of the path is marked by the Sionne river. Flowing avalanches can be confined in the river bed and continue to flow. On the whole, the path is open, except between 1800 and 2000 m above sea level (asl), where avalanches are confined in one or two gullies. The overall slope is high (52%); the path slope decreases rather regularly between the release zone (slope 80%) and the run-out zone (mean slope close to 30%). More information can be found in the work of Ammann [1999] , Dufour et al. [2001] , Schaer and Issler [2001] , and Vallet et al. [2001] .
[45] Here we examine only the avalanche of 25 February 1999, for which the front velocity was recorded. and Issler [2001] found that the maximum mean pressure impact was 500 kPa (with peaks exceeding 1200 kPa) at the avalanche base (3 m from the ground) but decreased rapidly with height (40 -50 kPa at 7 m from the ground, 1 kPa at 19 m). There was no measurement of the flow depth, but the video films made by Heinmann et al. [1999] . This clearly indicates that there was a significant entrainment of snow from snow cover into the avalanche.
[46] In Figure 8a we have reported the variation in the mean front velocity U f as a function of the horizontal downstream distance y f : The dots correspond to the measured data, while the curves represent the solution obtained by integrating equations (2) - (4) numerically and by assuming that the growth rate coefficient depends on the overall Richardson number (solid line) or the bed slope and density ratio (dashed line). For the initial conditions, on the basis of the photogrammetric study by Vallet et al. [2001] , we assume that u 0 = 0, h 0 = 2.1 m, and l 0 = 20 m. It is reasonable to think that the average snow density at the snow cover surface was close to 150 kg m À3 ; Therefore we take r 0 = r s = 150 kg m
À3
. Owing to the high path gradient between the origin and the elevation z = 1800 m (y = 1250 m), we have considered that, on average, the released snow layer h n is 0.7 m thick and is entirely entrained into the avalanche. In simulations I the entrainment coefficient a v was a function of the overall Richardson number Ri that was fitted on the data from Beghin et al. [1981] . The range of Ri values in these data is 0.23-1.32 and thus is too narrow to represent the whole range of possible values for natural events. Using a v / Ri À1 for Ri )1 [Fernando, 1991] , we apply the following relationship (see Figure 2 ): For Ri ! 1, a v = e À1.6Ri2 , while for Ri > 1 we take a v = 0.2/Ri.
[47] As shown in Figure 8a , the avalanche accelerated vigorously after the release and reached velocities as high as 80 m s
À1
. If the entrainment rate a v is assumed to be a function of the Richardson number (simulations I), the KSB model successfully describes the velocity variation with the downstream distance. The maximum computed velocity is 92 m s À1 , 13% higher than the measured value. The velocity variation in the release phase is reasonably well described by the KSB model. The model predicts a bell-shaped velocity variation, while field data provide a flatter velocity variation. The computed flow depth at z = 1640 m is approximately 60 m (see Figure 8b) , which is consistent with the value estimated from the video tapes. In contrast, if the entrainment rate a v is assumed to be a function of the local slope and the density ratio (simulations II), there is no agreement with field data: The maximum velocity is approximately 20 m s
, while the cloud height is 430 m at z = 1640 m. In line with the conclusions of the laboratory experiments, it is highly unlikely that the KSB model based on a slope-dependent growth rate can be applied to describe the non-Boussinesq regime of powder avalanches unless the entrainment coefficients are specifically fitted, depending on whether the avalanche entrains snow from the snow cover. On the contrary, expressing the growth rate as a function of only the Richardson number makes it possible to describe the velocity and height variations consistently.
[48] Figure 9 shows the variation of the front velocity U f and the overall Richardson number Ri (Figure 9a) , together with the variations in cloud height H and mean density " r. It can be seen that in the accelerating phase the Richardson number is high (typically in the range of 2 -10), which limits the air entrainment into the avalanche and the cloud growth in height, consistent with field observations [Heinmann et al., 1999] . Note that in the early phase the bulk density is very high (close to 400 kg m À3 ), which suggests that in the accelerating phase a powder snow avalanche is made up of a high-density core. When the Richardson number drops under unity, there is a significant increase in the cloud height associated with a rapid cloud dilution (bulk density dropping to 10-20 kg m
À3
). In the film made by Heinmann et al. [1999] a sudden rise in the cloud height can also be observed when the avalanche front descended below the elevation of 1600 m asl.
[49] In order to evaluate the sensitivity of the simulation results, we examined different values of the erodible mass. In Figure 10 we have reported the comparison between field data and computations made with three different assumptions: r s h n = 50, 105, or 150 kg m
À2
. It can be seen that there is no significant variation in the computed velocities in the accelerating phase, but both the maximum velocity and the position at which the maximum velocity is reached depend on the r s h n value. By increasing the erodible mass per unit surface from 50 to 150 kg m
, the maximum velocity is increased from 69 to 105 m s
À1
, i.e., by a factor of 1.5. Note that the dependence of the maximum velocity on the snow cover thickness is consistent with field measurements made by Dufour et al. [2001] : For instance, the avalanche of 10 February 1999 was approximately half as large in terms of deposited volume as the avalanche of 25 February 1999, and its maximum velocity was 25% lower than the maximum velocity recorded on 25 February 1999. This result is of great importance in engineering applications since it means that the maximum velocity and, thereby, the destructive power of a powder snow avalanche mainly result from the ability to entrain snow from the snow cover when the avalanche descends.
Concluding Remarks
[50] This paper has revisited the theoretical model initially proposed by Kulikovskiy and Sveshnikova [1977] to describe [56] The volume and density variations can be easily determined by integrating equations (A1) and (A2):
The volume rises quadratically with the downstream distance. The buoyant density Á" r first increases with the downstream distance, provided that Á" r s h n > a v Á" r 0 ffiffiffiffiffi V 0 p . Then, at a critical distance x c À x 0 = 2 ffiffiffiffiffi V 0 p /a v À 2V 0 Á" r 0 / (h n r s ), the buoyant density starts decreasing slowly. At long times we obtain the following asymptotic variation: Á" r / 4h n r s a v À2 x À1 . As expected, the effect of particle entrainment is to offset the cloud dilution resulting from fluid entrainment. At short times, particle entrainment is the prevailing mechanism leading to an increase in the buoyant density. At long times, despite particle entrainment, the cloud dilutes but particle entrainment still plays a role by controlling the decrease rate. Without particle entrainment, the cloud dilutes more quickly: Á" r / 4 V 0 r 0 a v À2 x À2 instead of Á" r / x À1 . The cloud dimensions can be easily deduced from equation (A4). For instance, the cloud height is
which is consistent with the result obtained by directly integrating equation (3).
[57] Using equations (A4) and (A5) in the momentum balance equation (A3), we obtain
The solutions to equation (A3) can be found after algebraic manipulations. The single positive solution is
Note that without entrainment from the bed (E = 0), the velocity varies asymptotically as In both cases, this entails that the Richardson number of equation (6) tends toward a constant value:
with n = 3/2 if there is no particle entrainment from the bed and n = 8 in the converse case. This justifies the assumption used above; that is, the growth rate coefficients are constant for a given slope. Indeed, in the Boussinesq regime, " r % r a and Ri % Ri n (q) so that whatever the expression chosen for a v in the volume balance equation (10), its value is constant.
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